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The dephasing influence of a dissipative environment reduces linear superpositions of macro- 
scopically distinct quantum states (sometimes also called Schrodinger cat states) usually almost 
immediately to a statistical mixture. This process is called decoherence. Couplings to the envi- 
ronment with a certain symmetry can lead to slow decoherence. In this Letter we show that the 
collective coupling of a large number of two-level atoms to an electromagnetic field mode in a cavity 
that leads to the phenomena of superradiance has such a symmetry, at least approximately. We 
construct superpositions of macroscopically distinct quantum states decohering only on a classi- 
cal time scale and propose an experiment in which the extraordinarily slow decoherence should be 
observable. 
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A Schrodinger cat state is a superposition of two quan- 
tum states that differ on a macroscopic scale. While 
commonplace in the microscopic world, superpositions of 
macroscopically distinct states have never been observed. 
In other words, only probabilities and never probability 
amplitudes are met with macroscopically. Our under- 
standing of why this is so has evolved considerably with 
the development of the quantum mechanics of dissipa- 
tive systems Dissipation due to the coupling to an 
environment with a large number of degrees of freedom 
causes a superposition \yj) = Ci\ipi) + C2\i>2) to decohere 
very rapidly towards the mixture p = |ci| 2 |^'i)(V'i| + 
| C2 1 2 1 -02 ) ("02 1 - "Rapidly" means on a time scale much 
shorter than that on which the mixture changes there- 
after provided, of course, that l^i) and l^) are macro- 
scopically distinct. Recent experiments of Haroche et 
al. [ppc|] begin to validate this picture by controlling 
the difference between two states put to a superposi- 
tion and following their decoherence. A general rule for 
the ratio of time scales for decoherence (?d ec ) and sub- 
sequent near-classical motion (T c i ass ) has become pop- 
ular for the case when one can associate a classical dis- 
tance D in phase space with the pair of states \tpi), KMj 
Tdec/T c iass = {h/D) p with some positive power p j§-f§. 
The phantastic smallness of this factor for macroscopic 
values of D makes quantum states of the Schrodinger cat 
type so unfamiliar in the macroscopic world. 

The situation is different, however, if the coupling to 
the environment has a symmetry in the following sense. 
Suppose that in a Hamiltonian Hi nt — ^4/({x, p}) a 
"coupling agent" A couples the system to the environ- 
ment; the position and momentum operators x and p 
represent environmental degrees of freedom. With sym- 
metry of the coupling we mean that A has at least one 
degenerate eigenvalue, i.e. there are at least two linearly 
independent states |$i) and |<j> 2 ) such that A|$x) = 
a|$i) and ^4 1 <E> 2 ) = a>\&2)- R has been pointed out 
by Zurek that rapid decoherence arises only between 
subspaces pertaining to different eigenvalues of A 
whereas the coherence of any syperposition within the 



subspace pertaining to the same degenerate eigenvalue is 
not affected by the environment. The linear combination 
|$) = ci | «3?i) + C2 1*1*2) does therefore not show accelerated 
decoherence, even if |<i>i) and |<E>2) are macroscopically 
distinct. Loosely speaking, the environment cannot dis- 
tinguish in which of the two states the system is. The 
state |$) remains in principle a pure state for ever if the 
system dynamics is restricted to the subspace pertain- 
ing to the degenerate eigenvalue a of the coupling agent. 
In the context of Markovian master equations this was 
recently proven rigorously by Lidar et al.; and an appli- 
cation to decoherence free quantum computing was pro- 
posed |]llj. As we shall see below, longevity may even 
survive weak symmetry breaking. 

In the following we briefly recall the quantum optical 
system that gives rise to superradiance. We show that 
the coupling to the environment has a symmetry in the 
above sense and identify coherent states as approximate 
eigenstates of the coupling agents. We calculate the de- 
coherence rates for superpositions of two coherent states 
and identify the superpositions with long-lived quantum 
coherence. In the end we propose an experimental real- 
ization. 

The system considered is well known from superradi- 
ance |l2|] where many identical two-level atoms in a cav- 
ity radiate collectively. We formally assign to each two- 
level atom a spin-i operator whose z-component tells us 
whether the atom is in its lower or upper state. The col- 
lection of atoms is described by a Bloch vector J, the sum 
of all spin-i operators and thus formally an angular mo- 
mentum with maximal amplitude j = N/2, which is huge 
if the number N of atoms is. The dynamics conserves 
the square of J. The Hubert space therefore decomposes 
into (2j + l)-dimensional subspaces with J 2 = j(j + 1), 
of which we shall always imagine the one with the max- 
imal j = N/2 selected. The atoms are coupled to the 
electromagnetic field in the cavity by an interaction of 
the form 



Hint = hg(J + a + J-a') 



(1) 
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where J± — J x ± iJ y are raising and lowering operators 
of the angular momentum while and a are creation 
and annihilation operators for an electromagnetic mode 
of the cavity in resonance with the atomic transition. 
That mode is itself damped due to its coupling to the 
continuum of modes of the electromagnetic field outside 
the cavity. The coupling constant g is a Rabi frequency 
for the coupling of a single atom with the mode vacuum. 
Dissipation ultimately arises by the non ideal mirrors of 
the cavity which allow photons to leak out and lead to an 
effectively permanent energy loss of the atomic system. 

Under reasonable simplifying assumptions (the most 
important are: (i) good time scale separation between 
the reservoir and the system composed of atoms and res- 
onator mode, (ii) environment temperature in the range 
hn <C ksT <C Hloq where k is the damping rate of the 
mode amplitude, and (iii) n ^S> gVN to suppress damped 
oscillations of the Bloch vector) the dynamics of J is well 
described by a master equation for the reduced atomic 
density operator p , 

^P(r) = i([J_,p(r)J + ] + [J- P (r),J + ]) ee Ap(r) . (2) 

The dimensionless time r is in units of the inverse clas- 
sical damping rate, r = t/T c i ass . Note that the rate of 
transitions of a single atom from its upper state to the 
ground state is g 2 / ' k while Ng 2 / k is the rate for the col- 
lective motion of all atoms. It is the latter rate which 
gives the classical time scale T c i ass = k/ (Ng 2 ) of the su- 
perradiant dynamics. Moreover, photons extracted from 
the initial atomic excitation become available for detec- 
tion outside the cavity on the time scale T c i ass which is 
N times shorter than for non-collective radiation. 

As j is connected to the number of atoms by j — N/2 
it is obvious that the system becomes macroscopic for 
j — > oo. This limit corresponds in fact to the classi- 
cal limit, as can be seen more formally from the fact that 
the classical phase space of the problem is the unit sphere 
J 2 =i(i + l) = const. O], Since it contains 2j + l states 
in the representation selected we may think of h as repre- 
sented by 1/j. The smallness of this parameter compared 
to 1 decides how close we are to the classical limit h — > 0. 
In the experiments N was typically of the order of 10 5 
|l6f . One might thus prefer to speak of mesoscopic rather 
than macroscopic angular momentum states. 

Classically J behaves like an overdamped pendulum: 
If we specify the orientation of 3/j by a polar angle 9 
and an azimutal one (p, the classical limit of (|^) yields 
d6 / dr — sin (9 and ip = const.. This proves that r 
is indeed the time in units of the classical time scale. 
An exact solution of (0) was already obtained in 



systematic semiclassical treatment can be found in JI5| . 
But most importantly, it has been experimentally veri- 
fied that the superradiance master equation (|^) correctly 
describes the radiation by identical atoms resonantly cou- 
pled to a leaky resonator mode Il6| . 



The states of the system that correspond most closely 
to classical states are the so-called angular momentum 
coherent states I7) |l7],[l8|]. They correspond to a classical 
angular momentum pointing in the direction given by 9 
and <p with minimal uncertainty ~ 1/j. The complex am- 
plitude 7 is connected with 9 and ip via 7 = tan(0/2)e i¥> . 
In terms of eigenstates \ j, m) of J 2 and J z (with the re- 
spective eigenvalues j(j + 1) and m) one has the expan- 
sion 
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J,m) 



(3) 



The angular momentum coherent states are approxi- 
mate eigenstates of J_ in the sense that the angle be- 
tween J-I7) and I7) is of the order of l/y/j. Indeed, 
if we define this angle a for real 7 by |(7|</-|7)| 2 = 
(7 1 7) (7 1 J+J-\j) cos 2 a one easily shows that 
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O(^j) for sin 9 ^ 0. 
3 



(4) 



(5) 



The corresponding approximate eigenvalue is given by 
J-Yfl — j sm6e~ 1<p Y/) and immediately reveals a funda- 
mental symmetry: Since sin 9\ = sin #2 for $2 = 7r— sin#i, 
two different coherent states I71) and I72) can have the 
same approximate eigenvalue. 

Consider now a Schrodinger cat state composed of two 
coherent states, 



l*> = C1I71) +C2I72) 



(6) 



where c\ and ci are properly normalized but otherwise 
arbitrary complex coefficients. We will show that |$) 
in general experiences decoherence on the scale r ~ i 
which is shorter by the factor 1 / j than the classical time 
scale. Our central prediction is, however, that such ac- 
celerated decoherence is absent for Schrodinger cat states 
with 71 72 = 1. Such two states correspond to two classi- 
cal angular momenta arranged in the plane ip = ip\ = if2 
symmetrically with respect to the equator 9 = u /2 and 
therefore profit from the mentioned symmetry in the 
coupling, i.e. sin#i = sin 02- A particular such state is 
the "antipodal polar" one with 71 = and 72 = 00 alias 
9\ = and 9^ = n; in superradiance parlance, it is the 
superposition of "all up" and "all down". 



To prove the longevity of the exceptional Schrodinger 
cat states we need to look at the initial density matrix 
p(0) = |ci| 2 |7i)<7i| +C1C2I71X72I + ■ • Since the evolu- 
tion equation (||) of p(r) = cxp(Ar)p(0) is linear it suf- 
fices to discuss the fate of exp(Ar)(|7)(7'|) = p(7,7',r) 
where 7 and 7' may the take values 71 and 72. The rela- 
tive weights of the four ^0(7, 7', r) can be studied in terms 
of cither one of the norms 
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Ni(-f,j'r) = trp(7,7 , ,T)p t (7,7 , ,r) , 
j 

iV 2 ( 7 ,7V)= \(3,™Ml,l',T)\j,m 2 )\. (7) 

mi ,m 2 = -J 

We shall see presently that these norms evolve on the 
classical time scale 0(1) for 7 = 7' while 7 7^ 7' in gen- 
eral yields decay on the shorter time scale ~ it is 
only the exceptional offdiagonal cases given above which 
decay on the classical time scale. 

The foregoing assertions are based on the following 
three analytical results: 

(i) The initial time derivative of ^1(7, 7', t) reads 



gWi(7i,72,t) 



<1t 



= ~ ((l + cos^) 2 + (1 +cos6» 2 ) 2 ) 



j (sin 2 81 + sin 2 9 2 — 2cos(cp2 — '■Pi) sin#i sin6* 2 ) 



(8) 



The first term obviously describes evolution on the clas- 
sical time scale while the second, being proportional to j, 
can give rise to motion on the shorter time scale 1 / j. The 
"fast" term vanishes for 71 = 72; while it is present in 
general for 71 7^ 72 we read off its absence for the excep- 
tional cases (pi = (p2, sin#i = sin# 2 ; since sin 9 is sym- 
metrical about 9 — tt/2 the long-lived Schrodinger cat 
states are indeed revealed as superposition of coherent 
states oriented symmetrically with respect to the equa- 
torial plane. The proof of (||) is a back-of-the-envelope 
calculation involving the expectation values (7|J±|7) = 
je ±iv sm9 and (7IJ+J-I7) = |(7|J-|7)| 2 + 2j cos 4 (6>/2) 

(ii) For the polar antipodal Schrodinger cat state |$) = 
-75G.?', corresponding to 71 = and 72 = 00 or 
#1 = and 6*2 = n, the time-dependent norms are easily 
found exactly. The master equation (||) yields a single dif- 
ferential equation for the matrix element (j, j\p(r)\j, — j), 

■£pUJ\p\j>-j) = -(jJ\p( T )\j,-j)- Tnc norm 01 thc 

offdiagonal parts therefore decays as Ni(0,oo,t) = 
N\(oo, 0, r) = e~ 2r , i.e. on classical time scale! The same 
conclusion can be drawn from the second norm which 
yields A^(0, 00, r) = N 2 (oo, 0, r) = e~ r . The polar an- 
tipodal cat is therefore definitely long-lived. 

(iii) Inasmuch as the initial slope ^^1(7, 7', r) | T=0 
could in principle be deceptive it is desirable to follow 
the evolution for the general state(^|) to positive times, 
at least to times of order r ~ For times r with 
< jr <C 1, a somewhat involved semiclassical evalua- 
tion of thc norm N 2 (t) for ipi — (p 2 (for simplicity we 
restrict ourselves to tpi = = tpi, i-e. to real 71,72), 
which we shall present elsewhere, leads to 



-^"2(71. 72, t) 
^2(71,72,0) 



exp — 2j 



. (71 ~ 72) 2 (1 - 7i72) 2 
' ((l+7i 2 )(l + 7 2 2 )) 2 



(9) 



The corrections are of relative order 1/j. This means ac- 
celerated decoherence as long as 71 7^ 72 and 7172 =/= 1. 
If, however, 7172 = 1 the next order in 1/j shows that 



^2(71,^, t) 
Afc^O) 



exp 



(-( 



7i 2 



7i 2 



(10) 



3 7 ? - 3 7 i b + 4t? - 3 7 i 2 + 3 2 
2(7? + I) 4 



This expression is correct up to and including order (jr) 2 . 
Obviously, accelerated decoherence is absent in this case. 
Indeed, a pure coherent state 71 = 72 = 7 leads, in linear 
order in jr, to almost the same decay, 



#3(7.7,0) 



exp 



7 



1 



7 2 + l 



(11) 



The long-lived coherences described above should be 
experimentally observable. We now propose a scheme 
for the preparation of the special long-lived Schrodinger 
cat states. It is based on the result by Agarwal et al 
p5[ that a strongly detuned cavity (detuning S between 
mode frequency and atomic frequency 3> k) leads to an 
effectively unitary evolution = — i[H e ff,p] with a 
non-linear Hamiltonian 



H e ff — hr]J + J- with 77 = 
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s 2 



(12) 



Due to the nonlincarity a coherent state \9,ip) evolves 
into a superposition of several coherent states. At time 
t — where m is an even integer, the state consists of 
p + ^at^+i^ q = 0,l,...,m-l. In 



mij 

771 components 
particular, after the time t = j- 
evolved into the superposition 



the coherent state has 



-i(JV-I)f 



AT- 1, 



AT-3, 



,<p-n- 



(13) 



i.e. the azimuths of the two components differ by n. 
The preparation of the special long-lived Schrodinger cat 
states involves three steps. During the whole preparation 
the dissipation due to the superradiance damping can be 
effectively turned off by the described strong detuning of 
the cavity. 

One starts with the mode in the vacuum state and all 
atoms in their ground state and applies a resonant co- 
herent laser pulse to bring the atoms in a coherent state 
\8,(f) with j = N/2. Second, one lets the atoms evolve 
freely in the detuned cavity for the time t = ^ and thus 
"dispersively" turns the coherent state into a superpo- 
sition of two such, \9,ip'} and \9,tp' + tt), as described 
above. Finally, a resonant coherent ir/2 pulse brings the 
superposition to the desired orientation symmetric to the 
equator, by rotation through the angle n/2 about an axis 
perpendicular to the plane defined by the directions of 
the two coherent states produced in step two. The angle 
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9 which was the same for both components after step two 
becomes the angle with respect to the equator. 

Presently used techniques for preparing very cold two- 
level atoms in a superposition of "up" and "down" and 
transporting them inside high-Q resonators work atom 
by atom |9|fL0[]; they might be modified so as to place 
collections of several such atoms into a resonator, thus 
producing the long-lived Schrodinger cat state. 
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